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Scaling analysis of the static and dynamic critical exponents in under, over, and
optimally-doped Pr2−xCexCuO4−y films
M.C. Sullivan,∗ R.A. Isaacs, M.F. Salvaggio, J. Sousa, C.G. Stathis, and J.B. Olson
Department of Physics, Ithaca College, Ithaca, NY 14850, USA
(Dated: November 30, 2018)
We report on current-voltage measurements of the zero-field normal-superconducting phase tran-
sition in thin films of Pr2−xCexCuO4−y as a function of doping. We find that the small size of the
critical regime in these materials (≈ 25 mK) gives rise to mean-field behavior at the phase transition
with a static exponent of ν ≈ 0.5 for all dopings (in contrast to hole-doped YBa2Cu3O7−δ). We also
find mean-field behavior in the dynamic exponent z. This indicates that Pr2−xCexCuO4−y behaves
similarly to conventional superconductors in contrast to other cuprate superconductors. However,
as the transition width in our samples decreases, the dynamic critical exponent approaches z = 1.5,
similar to the critical exponent found in hole-doped YBa2Cu3O7−δ.
PACS numbers: 74.40.+k, 74.25.Dw, 74.72.Bk
I. INTRODUCTION
The discovery of high-temperature superconductors
led to predictions of an unusually large critical regime1
as well as new theories describing the superconducting
phase transition in field and in zero field.2 These predic-
tions led to a large number of measurements of the phase
transition in the hole-doped cuprate superconductors via:
specific heat measurements,3 thermal expansivity,4 mag-
netic susceptibility,5 and transport.6
Recent attention has shifted to the phase transition of
the electron-doped superconductors R2−xCexCuO4−y (R
= Nd, Pr, La, Sm). Previous research focused on the
quantum critical point thought to occur near optimal
doping,7 but there has been very little research on the
more well-established vortex-glass transition and almost
none on the second-order normal-superconducting tran-
sition in zero field. Earlier work on Nd2−xCexCuO4−y
(NCCO) in a magnetic field reports values for the dy-
namic and static critical exponents z and ν for the vortex-
glass transition similar to other experiments on the hole-
doped cuprates, finding z ≈ 3, 4 and ν ≈ 2, 0.9;8,9 while
work in magnetic fields from 1 mT to 1 T finds a range
of exponents z ≈ 5 − 9 and ν ≈ 0.9 − 1.8.10 This wide
range of results is similar to results on the hole-doped
cuprates.6
However, the earlier works on the phase transition of
NCCO were carried out before our work proposing a
more robust determination of the critical parameters that
govern the phase transition.11 We have also recently un-
covered several experimental difficulties in making trans-
port measurements on thin films,12,13 the full extent of
which was not understood when these earlier measure-
ments were taken. Most notably, we have shown that
the finite thickness of the films, even of “thick” films
(d ≥ 3000 A˚) obscures the phase transition.14 We have
found that when we account for these effects, the phase
transition in hole-doped YBa2Cu3O7−δ (YBCO) films
and crystals yields consistent exponents for both dc and
microwave conductivity measurements, ν = 0.68 ± 0.07,
as predicted by three-dimensional (3D) XY theory; and
z = 1.5± 0.2,15 indicating Model E dynamics.16
In this Article we report on the zero field normal-
superconducting phase transition of the electron-doped
superconductors and present data on the critical regime
of Pr2−xCexCuO4−y (PCCO) thin films (ranging in
thickness from d ≈ 2000 A˚ to d ≈ 3000 A˚) for a va-
riety of different cerium dopings (x). We show behav-
ior consistent with a second-order phase transition, how-
ever, unlike recent results in YBCO, our results in PCCO
are consistent with mean-field theory rather than 3D-XY
theory. Moreover, we find that at low currents, the phase
transition is obscured by finite size effects, similar to re-
sults in YBCO.14,17,18
II. CRITICAL DYNAMICS IN CUPRATES
To understand some of the differences in the electron-
doped and hole-doped cuprates, we must look at the
prediction for the size of the critical regime, determined
when mean-field theory breaks down:1,19
|T − Tc0| <
4piµoκ
4
e2Φo
3Hc2(0)
kB
2T 3c0
< 4.6× 10−8
κ4T 3c0
Hc2(0)
. (1)
where e is the base of the natural logarithm, κ is the ra-
tio of the penetration depth λ to the coherence length ξ,
Tc0 is the mean-field transition temperature (measured
in kelvin), and µoHc2(0) is the GL upper critical field
(measured in tesla).20 Hc2(0) is not the experimental
critical field, but is the extrapolation from near the crit-
ical regime to T = 0. For conventional superconductors,
κ ≈ 10, Tc0 ≈ 10 K, and µoHc2(0) ≈ 1 T.
1 Thus, mean-
field theory breaks down only when |T − Tc0| < 1 µK.
This makes the critical regime impossible to access ex-
perimentally, and the success of mean-field theory in de-
scribing the behavior of conventional superconductors is
well documented.21
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FIG. 1: (Color online) Resistivity versus temperature for sev-
eral dopings on d ≈ 2900 A˚ thick films patterned into 8× 80
µm2 bridges. The inset shows the transition region.
This equation can be modified to fit the anisotropic
cuprate superconductors. In most cuprates, the a and
b axes are nearly identical and much smaller than the
c axis, so we examine the penetration depth along the
a and b axes (λab) compared to the c-axis (λc), as well
as the coherence length along the different axes (ξab and
ξc). Superconductivity occurs in the ab planes. Including
anisotropy, Eq. 1 becomes:2
|T − Tc0| < 4.6× 10
−8 κ
4T 3c0
γ2Hc2(0)
. (2)
Here κ = λab/ξab and the anisotropy parameter is γ =
ξc/ξab. For YBCO, using κ = 100, µoHc2(0) = 300 T,
22
Tc0 = 90 K, and γ = 0.2,
2 we find |T − Tc0| < 350 mK.
Experimentally, researchers have found that the critical
regime in YBCO can extend far beyond where GL theory
breaks down and can be up to 28 times larger (±10 K).4
The situation is markedly different for PCCO. Not
only is the critical temperature reduced by roughly a
factor of five, the electron-doped cuprates are far more
anisotropic. Using λab = 2000 A˚,
23 ξab = 80 A˚,
24 ξc =
3.5 A˚,26 we find γ ≈ 0.04 and κ ≈ 25. With µoHc2(0) = 7
T and Tc0 = 20 K, we find that |T −Tc0| < 13 mK, more
than ten times smaller than the hole-doped cuprates.
This leads to a critical regime of roughly 25 mK about Tc.
It is not unreasonable to expect that the critical regime
in PCCO will be larger than predicted and may extend
to ±360 mK about Tc, as has been seen in YBCO.
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III. SAMPLE GROWTH AND EXPERIMENTAL
APPARATUS
The samples for our measurements are grown via
pulsed laser deposition onto SrTiO3 (100) substrates.
X-ray diffraction verified that our films are c-axis ori-
entation, and ac susceptibility measurements show that
Tc ≈ 20 K and ∆Tc ≤ 0.4 K for optimal doping, indi-
cating high quality films. Typical samples of thickness
d ≈ 2900 A˚ are shown in Fig. 1,? showing Tc ≈ 21 K
and ∆Tc ≈ 0.3 K at optimal doping (Tc decreases and
∆Tc increases for under- and over-doped films). These
films are of similar quality as most PCCO films reported
in the literature.
We photolithographically pattern our film into a 4-
probe bridge with dimensions 8 µm × 80 µm, etched
with a low power ion mill for 30 minutes without no-
ticeable degradation of R(T ). Contact is made to the
sample leads by depositing a 200 µm thick layer of gold
on contact pads. To ensure we do not change the oxygen
content of the sample, we do not heat the sample during
the gold deposition.
Our cryostat can achieve temperature stability better
than 1 mK at 20 K. To protect that sample from ambient
magnetic fields that could disrupt measurements,12 our
cryostat is placed in µ-metal shields, which reduces the
field at the sample to 2 ×10−7 T. To reduce noise,13 we
make all connections to the probe with shielded triax
cable through low-pass pi-filters.
IV. DYNAMIC CRITICAL EXPONENT
We have measured the electric field E vs. the current
density J (E − J curves) on 15 samples of different dop-
ings and thicknesses varying from 1920 A˚ to 3500A˚. The
resistivities of four typical samples are shown in Fig. 1.
For every film, we measure the E − J curves near the
transition temperature. A typical set of data is shown in
Fig. 2(a), taken on the optimally doped film from Fig.
1. In this plot, above Tc at low currents, we see ohmic
behavior: isotherms with a slope of 1 on a log-log plot
(the dashed line). The isotherm at 21.75 K is almost
fully ohmic. At lower temperatures, high currents show
power-law behavior with isotherms of slope greater than
1, lower currents show ohmic behavior. At the lowest
temperatures, the isotherms show highly non-linear be-
havior with slopes approaching infinity, indicating a tran-
sition to the superconducting state. In this figure we can
see clear evidence of a phase transition that occurs over
less than 600 mK.
Scaling analysis of the normal-superconducting phase
transition predicts2
Eξ2+z−D/J = χ±(Jξ
D−1/T ), (3)
where D is the dimension, z is the dynamic critical ex-
ponent, ξ is the coherence length, and χ± are the scaling
functions for above and below the transition tempera-
ture Tc. Fluctuations are expected to have a typical size
ξ which diverges near Tc as ξ ∼ |T/Tc − 1|
−ν , defining a
static critical exponent ν. The fluctuations are predicted
to have a lifetime τ where τ ∼ ξz , or τ ∼ |T/Tc − 1|
−νz.
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FIG. 2: (Color online) (a) shows E−J curves of the optimally
doped film from Fig. 1 in zero magnetic field (2920 A˚ thick
with bridge dimensions 8×40 µm2). Isotherms are separated
by 50 mK, and error bars are indicated when larger than the
thickness of the lines. The dashed line indicates a slope of 1,
or ohmic behavior. Low-current ohmic tails due to finite size
effects are obvious for J . 106 A/m2. (b) shows the logarith-
mic derivative of the E−J curves. The high current densities
obey the opposite concavity criterion, indicating Tc = 21.65
K. From the intercept we determine z = 1.3± 0.1.
Exactly at Tc, the coherence length diverges while the
electric field in the sample remains finite. From Eq. 3,
we can see that this is only true if, at Tc,
2
E ∼ J
z+1
D−1 . (4)
We have shown that a logarithmic derivative is a sensitive
tool to examine the phase transition and find the critical
temperature.11,14 From Eq. 4, we know that the the crit-
ical isotherm will appear as a horizontal line with inter-
cept (z+1)/2 on a logarithmic derivative plot (assuming
three dimensions). Isotherms above and below the crit-
ical isotherm will display opposite concavity about the
FIG. 3: (Color online) Dynamic critical exponent z as a
function of transition width, ∆Tc, with films of different
dopings indicated by different symbols. ∆Tc is measured
from 90% to 10% of the resistance of the lowest tempera-
ture ohmic isotherm.32 Results for all dopings indicate that
as ∆Tc decreases, the value for the critical exponent z ap-
proaches z ≈ 1.5, similar to values found in YBCO.15 This
result is easiest to see in optimally-doped (x = 0.15) PCCO
(blue dots), where a wide range of transition widths is easier
to obtain. These results indicate the critical dynamics are ob-
scured by the width of the phase transition. The black dotted
line is a guide for the eye.
critical isotherm. The logarithmic derivative of the E−J
curves in Fig. 2(a) is shown in Fig. 2(b).
Fig. 2(b) demonstrates results very similar to those
reported in YBCO, and displays the behavior predicted
to occur in the normal-superconducting phase transition.
Isotherms at higher currents (J > 106 A/m2) show the
opposite concavity criterion:11 isotherms above 21.65 K
bend down, and isotherms below 21.65 K bend upwards,
leading us to identify Tc = 21.65 K as the critical tem-
perature.
The most prominent feature of the data in Fig. 2(b) is
the peak in the isotherm at 21.60 K. In fact, all power-
law isotherms at or below Tc (isotherms with a zero or
negative slope on the semi-log plot) eventually switch
to ohmic isotherms, limited only by the sensitivity floor
of our nanovoltmeter. Power-law isotherms above Tc
(isotherms with a positive slope) are expected to become
ohmic at low currents, but isotherms below or at Tc are
not.
This ohmic behavior at low currents occurs due to fi-
nite size effects even in films as thick as 3000 A˚.14,17
Different applied currents probe fluctuations of different
sizes, leading to a minimum current density, such that
smaller current densities probe 2D fluctuations:
Jmin =
ckBT
Φod2
, (5)
where Φo = h/2e, d is the thickness of the film, and c is
4a constant expected to be a constant of order one2,18 or
on the order of the anisotropy parameter γ.17
For the 2920 A˚ film shown in Fig. 2, from Eq. 5, this
minimum current density occurs at Jmin ≈ 1.7 × 10
6
A/m2 (assuming γ = 1). We can see in Fig. 2(b) that
this is indeed the current density where the isotherms
below Tc bend back towards ohmic behavior. This re-
sult indicates that, despite any differences between the
hole-doped and the electron-doped cuprates, the normal-
superconducting phase transition in both materials is ob-
scured in films due to finite size effects. Conventionally,
low-current ohmic tails are used to find the static criti-
cal exponent, as E/J ∼ |T/Tc− 1|
ν(2+z−D).2 Our results
indicate that the low-current data in PCCO cannot be
used to find the static critical exponent ν in PCCO.
We can still use these data to find the dynamic crit-
ical exponent z. This exponent is expected to be uni-
versal, but dc conductivity measurements in hole-doped
cuprates in zero field have found a wide range of dy-
namic critical exponent values, with z ranging from 1.25
to 8.3.18,27 AC measurements have found both diffu-
sive dynamics (z = 2)28 as well as Model E dynamics16
(z = 1.5).29 Our recent results in YBCO find z = 1.5±0.2
for both dc and ac conductivity measurements in crystals
and films, when we account for finite size effects.15
To properly account for finite size effects in dc measure-
ments, we must limit ourselves to the high current regime
(J > 106 A/m2) to determine the dynamic critical expo-
nent z. We recognize that the high currents obey the
opposite concavity criterion, and we use the horizontal
portion of the critical isotherm in Fig. 2(b) to determine
the intercept (denoted by the dotted line).31 From Eq. 4,
this intercept is equal to (z + 1)/2, allowing us to solve
for the dynamic critical exponent, z. For our data, we
find z = 1.3±0.1. A similar analysis can be conducted on
all of the films of various dopings to find z as a function
of doping. These values of z as a function film transi-
tion width ∆Tc
32 are presented in Fig. 3. In Fig. 3, we
find no systematic change in z as a function of doping,
and moreover, many of the values for z are smaller than
any previous measurements, and several have values of
z ≈ 1, indicating ohmic behavior. Moreover, if z = 1,
the lifetime of the fluctuations are directly proportional
to the size of the fluctuations (recall τ ∼ ξz). This “bal-
listic motion” is not predicted by any theory of the phase
transition.
In Fig. 3, we see a strong correlation between the tran-
sition width ∆Tc
32 and the dynamic critical exponent.
As the transition width decreases, the dynamic exponent
tends towards z = 1.5.33 This is easiest to see in optimally
doped films (x = 0.15). The transition temperatures of
these films are all between 19 K and 21.6 K, changing by
only 12%, but the transition widths vary from 0.2 K to
2.55 K, changing by more than a factor of 10. Thus the
variations in z are driven by the transition width as op-
posed to the transition temperature. Moreover, films of
different dopings follow a general trend of decreasing dy-
namic critical exponent as transition width increases (ex-
cluding the two outliers),33 though for highly over- and
under-doped films, the transition width is much wider.
From Eq. 1 we predicted the size of the critical regime
to be on the order of ±13 mK and possibly as large as
±360 mK. This means that samples must be homoge-
nous with transition widths smaller than 0.72 K in the
best case scenario, and smaller than 0.026 K in the worst
case scenario. Wide transition widths imply sample in-
homogeneity, thus the critical behavior of one part of the
sample will be dominated by the larger signal generated
by the mean-field behavior of different part of the sam-
ple with a slightly different Tc, especially as the critical
regime is so small in PCCO. This indicates that the crit-
ical regime will be obscured in films with the broad tran-
sition widths. Our data confirm this hypothesis: At the
smallest transition widths, we find z ≈ 1.5 in optimally-
doped and x = 0.16 films, similar to results in YBCO.15
However, as the transition width increases the dynamic
critical exponent tends towards z = 1. Our results im-
ply that only in more homogenous films, with transition
widths smaller than current transition widths will we be
able to unambiguously see critical dynamics for all dop-
ings (though whether all dopings will have the same dy-
namic critical exponent as optimally-doped PCCO and
YBCO is unknown). However, our films are of similar or
better quality than most reported in the literature, and
recent improvements in PCCO film growth30 remove im-
purities but do not decrease the transition widths.
A scaling analysis of these data indicates that z ≈ 1 for
films with broad transition widths, which implies τ ∼ ξ
(not predicted by any theories). However, rather than
indicating a new type of phase transition, this indicates
the failure of scaling analysis to describe the behavior of
these films. In a conventional superconductor, there is a
rapid change from the normal state with ohmic behavior
(E ∼ J) to the superconducting state, which is highly
non-ohmic with E ∼ Ja, where the power a increases
as current density decreases (recall that as J approaches
the critical current density, a → ∞). Looking only at
the power a, for a conventional superconductor above
Tc, we see that a = 1 and is independent of J , below Tc,
a(J) > 1. This is precisely the behavior we see in our
films with wide transition widths. We identify the tran-
sition temperature as the lowest temperature isotherm
whose power a (the slope on the logarithmic derivative
plot) does not vary with J . We then use that slope to cal-
culate z, recalling a = (z+1)/2, and if a = 1, then z = 1.
However, this analysis is flawed: what we are seeing is the
rapid change (usually in less than 0.1 K) from ohmic be-
havior (a = 1) to non-ohmic behavior (a > 1). In this
way, the phase transition in PCCO is similar to the phase
transition in conventional superconductors (rapid switch
from ohmic to non-ohmic behavior), and indicates mean-
field behavior rather than critical behavior. This in turn
indicates that, in regards to the normal-superconducting
phase transition, PCCO usually behaves like a conven-
tional superconductor. Moreover, conducting a scaling
analysis on this kind of system to find z is intrinsically
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FIG. 4: (Color online) Results for the static critical expo-
nent, ν, as a function of doping. The static critical exponent
was measured using the glass transition in small fields, as
Tc(0)− Tg(H) ∼ H
1/2ν . The top dashed line is ν = 0.67, the
result predicted from 3D-XY theory. The lower dashed line is
ν = 0.5, the result predicted from mean field theory. For all
dopings, we see that ν ≈ 0.5, indicating a mean-field transi-
tion. The inset shows Tc(0)−Tg(H) vs.H for the x=0.14 film;
the slope of the line can be used to determine ν. A similar
analysis was conducted for all data points shown here. Films
with identical dopings are offset slightly along the abscissa for
clarity.
flawed – the dynamic exponent z we measure is not the
critical exponent for any phase transition, but rather an
indication that the critical dynamics cannot be used for
films where the transition width is large compared to the
critical regime.
V. STATIC CRITICAL EXPONENT
We have also measured the static critical exponent ν as
a function of doping. Although we cannot use the low-
current ohmic tails to measure ν, as is conventionally
done, in small magnetic fields2,15
Tc(0)− Tg(H) ∼ H
1/2ν , (6)
where Tc(0) is the zero-field transition temperature,
Tg(H) is the vortex-glass transition temperature and ν is
the zero-field static critical exponent. Eq. 6 is valid both
for critical dynamics, where 3D-XY predicts ν ≈ 0.67,
and for mean-field theory, which predicts ν = 0.5.2 Re-
cent measurements on thin-film YBCO using this method
found ν = 0.68± 0.05.15
A typical measurement is shown in the inset of Fig.
4 which shows the log-log plot of Tc(0) − Tg(H) vs. H
for a film of doping x = 0.14. The slope of this line can
be used to find ν and its error. The results for all of
the films as a function of doping are shown in Fig. 4.
The dashed line at the top of the figure is ν = 0.67, the
result predicted from 3D-XY theory. The lower dashed
line is ν = 0.5, the result predicted from mean field the-
ory. For all dopings, we see that ν ≈ 0.5, though highly
over- and under-doped films deviate from ν ≈ 0.5. This
result is consistent with our results from measurements
of the dynamic critical exponent, and indicate that the
phase transition in PCCO is a mean-field transition, in-
dependent of doping. This result is in stark contrast to
recent measurements in YBCO, which show clear critical
behavior, but given the smaller critical region in PCCO –
reminiscent of the small critical regimes in conventional
supercondcutors, it is not surprising that PCCO behaves
like a conventional superconductor in this regard. Thus
both measurements of the dynamics of these films and
measurements of the static exponent ν agree and indi-
cate that we are measuring a mean-field phase transition
in PCCO.
VI. CONCLUSION
We have shown that PCCO undergoes a second-order
phase transition in zero field. The transition obeys the
opposite concavity criterion for current densities greater
than 106 A/m2, below these current densities, the phase
transition is obscured by finite size effects. We pre-
dicted the size of the critical regime in PCCO to be
|T −Tc0| < 25 mK, which means that the critical dynam-
ics of these films will be obscured by the large transition
width in these materials (∆Tc varies from 0.2 K to 2.55
K). This in turn implies that the normal-superconducting
phase transition in PCCO will obey mean-field theory,
similar to conventional superconductors, as opposed to
critical dynamics and 3D-XY theory, as recently seen in
YBCO.15 Our measurements of the static critical expo-
nent confirm this hypothesis, as ν ≈ 0.5 for PCCO films
of all dopings. We also see behavior similar to conven-
tional superconductors in the E − J curves, which show
a rapid change from ohmic to non-ohmic behavior. This
behavior, if analyzed using scaling analysis, gives an er-
roneously low value for z, z ≈ 1. However, for optimally-
doped films with extremely narrow transition widths, we
find that as ∆Tc → 0, z → 1.5. Thus as the transition
width decreases, we are able to recover the same dynamic
critical exponent found in optimally-doped YBCO.15
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